On Equilibrium Strategies of Multicriteria Games(Studies on Decision Theory and Related Topics) by 田中, 環
Title On Equilibrium Strategies of Multicriteria Games(Studies onDecision Theory and Related Topics)
Author(s)田中, 環








On Equilibrium Strategies of Multicriteria Games
Department of Information Science




(Multicriteria Non-Cooperative Zero-Sum Two-Person Games)
$X,$ $Y$ ( Hausdorff t.v.s. )
$f$ : $X\cross Yarrow Z$ Payoff






Payoff $Z$ $(\leq c)$









( $C^{0}$ $:=intC\cup\{0\}$ )
$B\subset Z$
$MinB:=Ext[B|C]$ ${\rm Min}_{w}B:=Ext[B|C^{0}]$
player2 $y\in Y$ playerl ( )
$R_{1}^{(w)}(y)$ $:=\{x\in X : f(x, y)\in{\rm Min}_{(w)}f(X, y)\}$
playerl $x\in X$ player2 ( )
$R_{2}^{(w)}(x)$ $:=\{y\in Y : f(x, y)\in{\rm Max}_{(w)}f(x, Y)\}$
( )
$D_{1}^{(w)}$ $:=\{(x, y) : x\in X, y\in R_{2}^{(w)}(x)\}$






$\min_{x\in X}i\max_{y\in Y}f(x, y)$ $:={\rm Min} \bigcup_{x\in X}{\rm Max}_{(w)}f(x, Y)$
$=Minf(D_{1}^{(w)})$
player2
$Inaxininy\in Yx^{l}\in Xf(x, y):={\rm Max}\bigcup_{y\in Y}{\rm Min}_{(w)}f(X, y)$
$=Maxf(D_{2}^{(w)})$
${\rm Min} \bigcup_{x\in X}{\rm Max}_{w}f(x, Y)$
,
${\rm Max} \bigcup_{y\in Y}{\rm Min}_{w}f(X, y)$




minimax $f(x, y)$ $(x, y)$ minimax strategy pair
$x\in Xy\in Y$
$\arg$ minimax$f$
maximin $f(x, y)$ $(x, y)$ maximin strategy pair
$y\in Yx\in X$
$\arg$ maximin $f$
$Z$ Minimax StIategy Pair Maximin StIategy Pair
([13] Hartley ) Dominnance Cone $C$
2 1 ([7] )
For every closed vector subspace $L$ of $Z$ ,
$C\cap L$ is a vector subspace whenever $c1(C\cap L)$ is a vector subspace.
$(C\backslash \{0\})+c1C\subset C$ .
$(XfC’$ { 1 $)$
$\arg$ minimaxf $\neq\emptyset$ $t$} $1^{\prime\supset}$ $\arg$ maximin $f\neq\emptyset$




3 (Cone Saddle Points)
$(x0, yo)$ C-saddle point (weak C-saddle point)









([7], Lemma3.2 ) $(X,..Y|hfX\cross Y^{\supset}arrow Z^{p}\sqrt[\backslash ]{}/\backslash 0\iotah^{\not\subset_{1^{\backslash }}}\ovalbox{\tt\small REJECT}^{\text{ _{}\mathfrak{X}^{D}}^{A}}$$\ddagger)$
Payoff $f$
(1) $f(\cdot, y)$ is properly quasi C-convex for every $y\in Y$ and
$f(x, \cdot)$ is properly quasi C-convcave for $eveI;yx\in X$
(2) $f(\cdot, y)$ is properly quasi C-convex for every $y\in Y$ and
$f(x, \cdot)$ is C-concave for every $x\in X$
(3) $f(\cdot, y)$ is C-convex for every $y\in Y$ and
$f(x, \cdot)$ is properly quasi C-convcave for every $x\in X$
(4) $f(\cdot, y)$ is C-convex for every $y\in Y$ and
$f(x, \cdot)$ is C-concave for every $x\in X$
weak C-saddle points
REMARK-I A function $g$ is said to be C-convex if
$g(\lambda w_{1}+(1-\lambda)w_{2})\leq c^{\lambda}g(w_{1})+(1-\lambda)g(w_{2})$
for every $w_{1},$ $w_{2}\in W$ and $\lambda\in[0,1]$ ; also $g$ is said to be C-concave $if-g$ is a C-convex function.
REMARK-2 A function $g$ is said to be proerly quasi C-convex if either
$g(\lambda w_{1}+(1-\lambda)w_{2})\leq cg(w_{1})$ or
4
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$g(\lambda w_{1}+(1-\lambda)w_{2})\leq cg(w_{2})$ ,
for every $w_{1},$ $w_{2}\in W$ and $\lambda\in[0,1]$ ; also $g$ is said to be properly quasi C-concave $if-g$ is a
properly quasi C-convex function.
REMARK-3
(1) [5] Corollary4.1 [10] Corol-lary4.16
(4) [4] Theolem3.1 [6] Coro $al:y3.4$ [10] Corollary4.16
(2) (3)




(1) $f(\cdot, y)$ is properly quasi C-convex for every $y\in Y$ and
$f(x, \cdot)$ is properly quasi C-convcave for every $x\in X$
(2) $f(\cdot, y)$ is properly quasi C-convex for every $y\in Y$ and
$f(x, \cdot)$ is C-concave for every $x\in X$
(3) $f(\cdot, y)$ is C-convex for every $y\in Y$ and
$f(x, \cdot)$ is propetly quasi C-convcave for every $x\in X$
(4) $f(\cdot, y)$ is C-convex for every $y\in Y$ and
$f(x, \cdot)$ is C-concave for every $x\in X$
$S^{w}\neq\emptyset$ $\forall(x_{0}, y_{0})\in S^{w}$
$\exists z_{1}\in$ minimax $f(x, y)$ and $\exists z_{2}\in$ maximin $f(x, y)$
$x\in Xy\in Y$ $y\in Yx\in X$
$z_{1}\leq cf(x_{0}, y_{0})$ and $f(x0, y_{0})\leq cz_{2}$
(1) [5] Remark4.2 [8]




2 Multicriteria $M$ atrix ( Payoff $f(x, y)=$ .





minimax strategy pairs $|_{x=x_{0}}$
$M_{ax}^{in}(x_{0})$ $:=$ { $y\in Y$ : $(x_{0},$ $y)\in\arg$ minimax$f$}
maximin strategy pairs $|_{y=y0}$
$M_{in}^{ax}(y_{0}):=$ { $x\in X$ : $(x,$ $y_{0})\in\arg$ maximin$f$}
$\arg$ minimax$f= \bigcup_{x\in X}\{(x, y) : y\in M_{ax}^{in}.(x)\}$
$\arg$ maximin
$f= \bigcup_{y\in Y}\{(x, y) : x\in M_{in}^{ax}(y)\}$
$M_{ax}^{in}(x)\neq\emptyset$ $x\in X$ playerl











$\min_{x\in X}i\max_{y\in Y}f(x, y)\ni f(x_{1}, y_{1})=or\not\leq cf(x_{1}, y_{2})$
$f(x_{1}, y_{2})= or\not\leq cf(x_{2}, y_{2})\in maxi\min_{xy\in Y\in X}f(x, y)$
for $a\mathbb{I}$ $x_{2}\in M_{in}^{ax}(y_{2}),$ $y_{1}\in M_{ax}^{in}(x_{1})$
player
playerl $x_{0}\in X$
$\exists y_{0}\in Y$ st $\{(\ddot{n})(i)$ $y\in M_{0^{0}}^{in}f(x,y)\leq c_{f(x_{0},y_{0})^{0}}M_{0^{in}}^{ax}(y_{0})\neq\emptyset;f(x,y)^{ax}\neq^{(x)_{f(x0,y)}}$
and
for sone $x\in X$
$f(x_{0}, y_{0}) \in\min_{x\in X}i\max_{y\in Y}f(x, y)+(C\backslash \{0\})$






$X,$ $Y$ (X, $\mathcal{B}_{X},$ $\mu_{X}$ ), $(Y, \mathcal{B}_{Y}, \mu_{Y})$
$e_{x}$ , $B_{Y}$ $X,$ $Y$ Borel




$A\subset Y$ $C\subset X$
$\mu_{Y}^{*}(A)=\inf_{ACB\in \mathcal{B}_{Y}}\mu_{Y}(B)$ $\mu_{X}^{*}(C)=\inf_{C\subset D\in B_{X}}\mu_{X}(D)$
$\varphi_{1}(x)=\mu_{Y}^{*}$ ( $M$ $(x)$ ) $\varphi_{2}(y)=\mu_{X}^{*}(M_{in}^{ax}(y))$
$\mathcal{F}_{X}=$ { $x\in X;M$ $(x)\neq\emptyset$ } $\mathcal{F}_{Y}=$ { $y\in Y$ : $M$ $(y)\neq\emptyset$ }
playerl
maximize $\varphi_{1}(x)$ subject to $x\in \mathcal{F}_{X}$
player2
maximize $\varphi_{2}(y)$ subject to $y\in \mathcal{F}_{Y}$
REMARK-3 Dominance Cone $C$ $C\backslash \{0\}$ open
$x-M$ (x) $x\in \mathcal{F}_{X}$
$y-M_{in}^{ax}(y)$ $y\in \mathcal{F}_{Y}$
u.s.c. compact-valued maps $Z$ Hausdorff
$M$ (x)\in BY $M_{in}^{ax}(y)\in \mathcal{B}_{X}$







player $x_{0}\in X$ $y_{0}\in Y$
$\forall y\in Y$, $f(x_{0}, y)\in$ minimax $f(x, y)$
$x\in Xy\in Y$
$\forall x\in X$ ,
$f(x, y_{0}) \in\max_{y\in Y}i\min_{x\in X}f(x, y)$
$f(x_{0}, y_{0})\in$ minimax $f(x, y)\cap$ maximin $f(x, y)$




$\sup_{x\in X}\frac{\varphi_{1}(x)}{\mu_{Y}(Y)}>\sup_{y\in Y}\frac{\varphi_{2}(y)}{\mu x(X)}$
playerl (player2 )
-
$X,$ $Y$ Euclid $R^{n}$
Lebesgue
6 Examples




$1$ ([3], Example 3.1)
$X=Y= \{x\in R^{2} : x=(x_{1}, x_{2}), \sum_{t=1}^{2}x;=1, x_{1}, x_{2}\geq 0\}$
$Z=R^{2}$ , $C=R_{+}^{2}=\{(z_{1}, z_{2})\in R^{2} : z_{1}\geq 0, z_{2}\geq 0\}$
$f(x, y)=(x^{T}A_{1}y, x^{T}A_{2}y)$ , where $A_{1}=(\begin{array}{ll}0 21 0\end{array})A_{2}=(\begin{array}{ll}0 -1-2 0\end{array})$
$x=(x_{1}, x_{2})$ $y=(y_{1}, y_{2})$
$f(x, y)=(2x_{1}+y_{1}-3x_{1}y_{1}, -x_{1}-2y_{1}+3x_{1}y_{1})$ $0\leq x_{1}\leq 1$ , $0\leq y_{1}\leq 1$
$R_{2}(x)=\{\begin{array}{l}Y0\leq x_{1}<\frac{1}{3}\frac{2}{3}<x_{1}\leq 1\{(0,1)\}othe\iota wise\end{array}$
$R_{1}(y)=\{\begin{array}{l}X0\leq y_{1}<\frac{1}{3}\frac{2}{3}<y_{1}\leq 1\{(0,1)\}othe\iota wise\end{array}$
Payoff $f$ $x_{1}$ $y_{1}$ $x_{1}$ $y_{1}$
$D_{1},$ $D_{2}$
10
minimax strategy pairs (strong) maximin strategy pairs (strong)
$M_{ax}^{in}(x)$ $M_{in}^{ax}(y)$
$\arg$ minimax$f=( \{(0,1)\}\cross Y)\cup(\{(\alpha, 1-\alpha):0\leq\alpha<\frac{1}{3} \frac{2}{3}<\alpha\leq 1\}\cross\{(1,0)\})$
$M_{ax}^{in}(x)=\{\begin{array}{l}Yx=(0,1)\{(1,0)\}0\leq x_{1}<\frac{1}{3}\frac{2}{3}<x_{1}\leq 1\emptyset otherwise\end{array}$





$X=Y= \{x\in R^{2} : x=(x_{1}, x_{2}), \sum_{i=1}^{2}x_{i}=1, x_{1}, x_{2}\geq 0\}$
$Z=R^{2}$ , $C=R_{+}^{2}=\{(z_{1}, z_{2})\in R^{2} : z_{1}\geq 0, z_{2}\geq 0\}$
$f(x, y)=(x^{T}A_{1}y, x^{T}A_{2}y)$ , where $A_{1}=(\begin{array}{ll}0 11 0\end{array})A_{2}=(\begin{array}{ll}1 10 1\end{array})$
$x=(x_{1}, x_{2}),$ $y=(y_{1}, y_{2})$
$f(x, y)=(x_{1}+y_{1}-2x_{1}y_{1},1-y_{1}+x_{1}y_{1})$ $0\leq x_{1}\leq 1$ , $0\leq y_{1}\leq 1$
$R_{2}(x)=\{\begin{array}{l}Y0\leq x_{1}<\frac{1}{2}\{(0,1)\}otherwise\end{array}$
$R_{1}(y)=\{\begin{array}{l}X\frac{1}{2}<y_{1}\leq 1\{(0,1)\}otherwise\end{array}$




minimax strategy pairs (strong) maximin strategy pairs (stIong)
$M_{ax}^{in}(x)$ $M$ (y)
$\arg$ minimax$f=( \{(0,1)\}\cross Y)\cup(\{(\alpha, 1-\alpha) : 0\leq\alpha<\frac{1}{2}\}\cross\{(1,0)\})$
$M_{ax}^{in}(x)=\{\begin{array}{l}Yx=(0,1)\{(1,0)\}0\leq x_{1}<\frac{1}{2}\emptyset otherwise\end{array}$





$ffi|J3$ ([7], Example 4.1)
$X=[ \frac{1}{2},1]Y=[-1,1]$
$Z=R^{2}$ , $C=\{(z_{1}, z_{2})\in R^{2}. z_{2}\geq|z_{1}|\}$
$f(x, y)=(xy, x(1-y^{2}))$ $x\in X$ , $y\in Y$
$R_{2}(x)=[- \frac{1}{2}, \frac{1}{2}]$ , $x\in X$
$D_{1}=X \cross[-\frac{1}{2}, \frac{1}{2}]$
$R_{1}(y)=(X_{\frac{1}{2}}\{\}$
$otherwise-l\leq y\leq\frac{1-\sqrt{5}}{2}\frac{-1+\sqrt{5}}{2}\leq y\leq 1$






minimax strategy pairs maximin strategy pairs $M_{ax}^{in}(x)- M_{in}^{ax}(y)$
.
$\cdot$
$\arg$ minimax$f= \{\frac{1}{2}\}\cross[-\frac{1}{2}, \frac{1}{2}]$.
$M_{ax}^{in}(x)=\{\begin{array}{l}[-\frac{1}{2},\frac{1}{2}]x=\frac{1}{2}\emptyset othe\iota\backslash vise\end{array}$
$\arg$ maximin$f=( \{\frac{1}{2}\}\cross(\frac{1-\sqrt{5}}{2},$ $\frac{-1+\sqrt{5}}{2}I)\cup(\{1\}\cross\{\frac{1-\sqrt{5}}{2},$ $\frac{-1+\sqrt{5}}{2}\})$
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